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BOOK REVIEW 1 
PIERRE COLLET AND JEAN-PIERRE ECKMANN, Iterated Maps on the Interval as Dynamical 
Systems, Birkhauser Verlag, Basel, 1980. 
The subject of this book has undergone moderate growth in the last decade. One reason is 
the recognition that certain qualitative features of such maps are universal for a large class of 
maps and not merely idiosyncrasies of certain maps. A second reason arises from the use of the 
computer to obtain examples of the behavior of various iterated maps. There are important 
examples of theorems uggested by computation which would not be imagined by human 
beings without the stimulus of computation. Interest continues in classical dynamical systems 
in physical sciences, biology, and economics. Another source of interest is the recognition of 
the relevance of 1-dimensional iteration theory to n-dimensional iteration and to nonlinear 
systems of ordinary differential equations. Still another source of interest is given by May [5] in 
an earlier survey: 
"The fact that the simple and deterministic equation 
x,+, : f (x , )  (1) 
can possess dynamical trajectories which look like some sort of random noise has disturbing 
practical implications. It means, fo~- example that apparently erratic fluctuations in the census 
data for an animal population eed not necessarily betoken either the vagaries of an unpredict- 
able environment or sampling errors: they may simply derive from a rigidly deterministic 
population growth relationship such as equation (1)." 
The Collet-Eckmann book is very good. The authors make an effort to survey much of the 
important recent work, to state theorems accurately and concisely, to provide simple proofs, 
and to give many examples, most of which are computational. They motivate the subject and 
suggest unsolved problems. This book is the first to review iterated maps. 
It is the fate of even good technical books to have reviews which dwell at length on their 
shortcomings and this book will share that fate. One points to the good qualities of a book and 
suggests the reader ead and enjoy the book himself. The shortcomings require more exposition 
from the reviewer. 
The book consists of three parts. Part I is a survey of the subject written in a somewhat 
heuristic style. On page 8 the concept of a Poincake map is used; I suppose this concept is 
defined on pages 2 and 3, but the term "Poincai:e map" is not used on those pages. On page 39, 
it is stated that the phenomenon of a universal scaling in subharmonic bifurcation in 
multidimensional iteration is mathematically understood. This is an exaggeration. That this 
universality (discovered independently b Feigenbaum [3] and by Coullet and Tresser [1]) often 
appears is documented in Fig_ 1.29, listing maps showing geometric onvergence of the 
parameter values for period doubling for n = 1, 2, 3, and 5 dimensions. The mappings include 
the Hrnon mapping (n = 2), the Lorenz model (n = 3), and the Navier-Stokes model, on the 
I The U.S. Government's right to retain a nonexclusive royalty-free license in and to the 
copyright covering this paper, for governmental purposes, is acknowledged. Work performed 
under the auspices of the US. Department of Energy. 
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torus, truncated to five modes (n = 5). These mappings exhibit the typical geometric onver- 
gence of the parameter ~, which determines the period 2 n, as n ~ ~.  The numerical evidence 
for two of these, the Lorenz and the Navier-Stokes models, was provided by Franceschini and 
by Franceschini and Tebaldi, respectively. Subsequently (1980) Franceschini and Tebaldi [4] 
studied a seven-m0de truncation of the Navier-Stokes model which is an extension of the 
five-mode truncation, It is curious that Franceschini and Tebaldi find that a sequence of 
infinite bifurcating periodic orbits is not present. Thus the phenomenon of geometric onver- 
gence of the parameter/~n is not present since the parameters themselves are missing. It is not 
at all clear why this should be so. 
Part II, properties of individual maps, is well written, and theorems are precisely stated and 
neatly proved. The properties of itineraries, of mapping functions with a negative Schwarzian, 
and of homtervals are presented. The authors give a substitute for the Schwarzian for functions 
not sufficiently smooth, namely, Guckenheimer's cross ratio: 
R(Xl ' x2 ' x3 ' x4 ) z (x  4 -- x1)(x3 -- x2)/(x 4 -- x3)(x2 -- Xl). 
Instead of requiring that the Schwarzian of a map f (x )  be negative, one need only require that 
R(x,, x 2, x~, x,) < R(f(x,) , / (x2),  f (x~),/(x,))  
for every quadruple of four points x 1 < x 2 < x 3 < x 4. 
Part III, properties of one-parameter families of maps, is good, but the proofs are often 
truncated and the reader must go to the original papers for more detail. In  III.4 we find a 
discussion of the important heorem of Collet, Eckmarm, and Koch which gives a generaliza- 
tion to n-dimensions of the geometric onvergence of the parametric values for period doubling 
which has been observed and presumably proved under sufficient restrictions for one dimen- 
sion. 
It seems to be folklore that the case of functions quadratic at their maximum is the only 
physically important case. A justification of this folklore would be useful. 
For this reviewer's taste the biggest omission is that there is almost no discussion of the 
Metropolis, Stein, and Stein [6] or, for short, MSS, patterns on itineraries for a one parameter 
family of unimodal maps of the interval into itself. It is true that there is still no precise 
statement of the conditions under which these patterns are realized. On the other hand, they 
have a precise structure and ordering and are fairly simple to describe. See, for example, MSS 
[6] or Derrida, Gervois, and Pomeau (DGP) [2]. There is a much earlier and overlooked 
description of these patterns in Myrberg [7], but only in connection with the quadratic map 
~x( l  - x). MSS were the first to recognize the possible universality of these patterns. Only for 
the broken linear function 
&(~) = ~x,  0 -< x -2  < -~ 
=~( l -x ) ,  ~<' x -< l  
is the situation understood completely and then only for the iterates of x = ½. Then, 
unfortunately, there is some degeneracy of the MSS patterns. 
We shall now make some minor criticisms. There are a few places where the English could 
have been improved by an editor. For example, on page 186, " . . .  we shall insist to consider 
. . . "  (sic). The reference list contains a rather large number of references to unpublished papers 
or reprints from various institutions. We do not fault the authors, but it is nevertheless hard on 
the reader. The preprints of Milnor and Thurston, 1977, are unavailable. And what is one to 
make of a reference to S~minalre d'Analyse, Coll~ge de France (1978). Does this reference xist 
in printed form and if so, how does one obtain it? The reference to Derrida-Gervois-Pomeau 
on page 176 should be 1978 instead of 1979 On page 182, the Guckenheimer reference seems 
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wrong. Perhaps it should be 1977 instead of 1979. If the 1977 paper is meant, that is rather an 
unsatisfactory eference. It seems to be asserted on page 182 that the Ztirich lecture notes of 
Lanford (1979) settle the problem of the order of MSS patterns as a function of v. These lecture 
notes are unpublished_ On page 64 at 12 it should be "If f J(x) v ~ 0 .. . .  " On page 69, two 
concepts are mentioned which have not previously been defined: Schwarzian derivative and 
"eventually periodic." On page 225, line 21, the reference should be to Fig. 1.19_ In Figs. 1.13, 
I.t4, and 1.15, the starting point of the iteration is at x = 0.2. The target is the interval 
( -  _22, - .2).  The starting point and the interval are reversed in Fig. I. 15. The book should have 
a more detailed index. The use of italic would have improved the physical appearance of the 
book 
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